Unmanned aerial vehicle mounted base stations (UAV-BSs) can provide wireless services in a variety of scenarios. In this letter, we propose an optimal placement algorithm for UAV-BSs that maximizes the number of covered users using the minimum transmit power. We decouple the UAV-BS deployment problem in the vertical and horizontal dimensions without any loss of optimality. Furthermore, we model the UAV-BS deployment in the horizontal dimension as a circle placement problem and a smallest enclosing circle problem. Simulations are conducted to evaluate the performance of the proposed method for different spatial distributions of the users.
UAV-BS and hence fewer users may be served by the UAV-BS. Thus, there is a tradeoff between the UAV-BS transmit power and its coverage region and mission time.
The work in [1] provides an overview of UAV-assisted communications with emphasis on the use cases, network architecture, channel characteristics, and UAV design considerations. The work in [6] developed a model for the probability of LoS communication between a UAV-BS and a receiver and evaluated the altitude of the UAV-BS that maximizes the coverage region. Bor-Yaliniz et al. [7] assumed the UAV-BS transmits at full power and formulated the 3D UAV-BS placement problem as a quadratically-constrained mixed integer non-linear problem. Kalantari et al. [8] developed a heuristic algorithm based on particle swarm optimization. The algorithm suboptimally finds the minimum number of UAV-BSs and their locations to serve a particular region. Mozaffari et al. [9] optimized the UAV-BS altitude that results in maximum coverage region and minimum transmit power for two cases, a single UAV-BS and two UAV-BSs. In [10] , the coverage probability as a function of altitude and antenna gain is derived. Moreover, Mozaffari et al. [10] developed a method to deploy multiple UAV-BSs based on circle packing.
In this letter, we propose an efficient UAV-BS 3D placement method that results in maximizing the number of covered users using the minimum required transmit power. We decouple the UAV-BS placement in the vertical dimension from the horizontal dimension which simplifies the placement problem without any loss of optimality. We show that the UAV-BS placement in the horizontal dimension can be modeled as a circle placement problem and a smallest enclosing circle problem. We also evaluate the proposed method for different levels of users heterogeneity, where we show that significant power savings can be realized for highly heterogeneous scenarios.
II. SYSTEM MODEL Consider a geographical area containing a set of nonvehicular cellular users. We assume a UAV-BS is deployed, e.g., due to a congested BS or a malfunction of the infrastructure. Clearly, the UAV-BS should serve as many users as possible, which is applicable in several scenarios, e.g., offloading traffic from a congested macro cell during a temporary event such as a festival or a sports event [1] . Let U denote the set of users that need to be served by the UAV-BS. Let (x i , y i ) denote the location of the user i in the set U, and h min be the minimum allowed UAV-BS altitude.
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where a and b are constants that depend on the environment and are given in [6] ,
and (x D , y D ) denotes the location of the UAV-BS in the horizontal dimension, h denotes the UAV-BS altitude. Furthermore, the probability of NLoS is P NLoS = 1 − P LoS . In addition to free space propagation loss, radio signals experience losses due to the urban environment in the form of shadowing and scattering. In this letter, we only deal with the mean path loss rather than its random behavior. This is because the planning phase of BS deployment deals with long term variations of the channel rather than small scale variations [11] . Accordingly, the path loss model for LoS and NLoS links in dB are respectively [6] ,
where f c is the carrier frequency, d i is the distance between the UAV-BS and the user i, given by d i = h 2 + r 2 i . Furthermore, η LoS and η NLoS are the mean additional losses for LoS and NLoS, respectively, and are given in [6] . In the absence of terrain knowledge, we can not determine whether the link is LoS or NLoS. Therefore, we consider the probabilistic mean path loss, which is averaged over the LoS and NLoS conditions as
Substituting (1) and (2) into (3) and noting that h 2 + r 2 i = ( r i cos(θ i ) ) 2 yields
For a given transmit power P t , the received power at the user i depends on the path loss experienced by its communication link, and can be written as
In order to have a guaranteed quality of service (QoS), we assume that the received power P r must exceed a certain threshold P min . This is equivalent to saying that the user i is covered if its link experiences a path loss less than or equal to a certain threshold L th , i.e., L(h, r i ) ≤ L th . 1 Mathematically, the radius of the coverage region can be defined as R = r| L(h,r)=L th .
III. DEPLOYMENT OF UAV-BS FOR MAXIMUM COVERED USERS AND MINIMUM TRANSMIT POWER A. Finding the Altitude for Maximum Coverage Region
As easily seen from (4), for a particular environment and a given UAV-BS altitude h, all the ground points, which are located at a distance R, experience the same path loss L th . Moreover, all points located at a distance r ≤ R experience a path loss smaller than L th . This is equivalent to saying that the coverage region of the UAV-BS is a circular disk. Fig. 1 shows the coverage region radius as a function of h for different environments and for two QoS requirements, i.e., L th = 100 dB and L th = 103 dB. It was proven in [9] , which can also be seen in Fig. 1 , that for a given path loss, the coverage region radius R as a function of h, has only one stationary point that corresponds to the maximum coverage region radius. Since R is an implicit function of h, we find the unique stationary point numerically. The optimal altitude that results in the maximum coverage region can be found by solving
Since ∂θ ∂h = ∂ ∂h tan −1 ( h r ) = r h 2 +r 2 > 0, searching for h that maximizes R can be achieved by searching for θ , denoted by θ opt , that maximizes R, i.e., solving ∂R ∂θ = 0 for θ , which yields the following equation [6] :
Let h 1 denote the altitude that maximizes the area of the coverage region and R 1 be the corresponding radius for a given path loss L th 1 . Clearly, one can observe from (7) and also the straight line in Fig. 1 , which has a slope of R 1 h 1 , that the optimal elevation angle θ opt depends only on the environment. Solving (7) numerically yields θ opt = 20.34 • , 42.44 • , 54.62 • , and 75.52 • for the suburban, urban, dense urban and high-rise urban environments, respectively.
Given the optimal elevation angle θ opt , and the path loss threshold L th 1 , the maximum coverage radius R 1 can be evaluated by solving the following equation for R 1 as
The coverage is often defined in terms of the received signal-to-noise ratio (SNR). Since we implicitly assume that the noise power does not change in any significant way over time, the path loss-based coverage is identical to the SNR-based coverage.
Finally, the altitude h 1 that maximizes the area of the coverage region is given by
B. Finding the Optimal 2D Placement
Since the coverage region of a UAV-BS is a circular disc, placing the circular disc on the horizontal plane corresponds to placing the UAV-BS horizontally. Let C 1 denote the coverage region with radius R 1 . Now, we need to optimally center the coverage region C 1 on the horizontal plane such that it encloses the maximum possible number of users, which is known as a circle placement problem.
Let u i ∈ {0, 1} be a binary decision variable such that u i = 1 when the user i is inside the coverage region C 1 , and u i = 0 otherwise. The user i is covered if it is located within a distance at most R 1 from the center of the coverage region C 1 . This condition can be written as
To enforce the requirement that constraint (10) be satisfied when u i = 0, we further rewrite constraint (10) as
where M is a large constant which satisfies constraint (10) when u i = 0. We can see that when u i = 1, the constraint (11) reduces to the constraint (10). On the other hand, when u i = 0, any choice for (x D , y D ) within the allowable deployment region will satisfy the constraint (11) . The placement problem in the horizontal dimension is then formulated as maximize
Let (x 1 D , y 1 D ) and U cov ⊆ U denote the optimal horizontal location of the center of the coverage region C 1 and the set of the covered users obtained by solving (12) , respectively. The problem (12) is a mixed integer non-linear problem (MINLP), which can be solved by the MOSEK solver. Obviously, the transmit power of the UAV-BS should be utilized as efficient as possible. This can be achieved if the QoS is guaranteed for the same number of covered users |U cov | with less transmit power. Now as there might be no users right on the border of the coverage region C 1 , the transmit power can be reduced to the level at which the same set of users are still covered. For a given 3D location of the UAV-BS (h 1 , x 1 D , y 1 D ), the reduction in transmit power results in reducing the radius of the coverage region. Clearly, the transmit power can be further reduced if the horizontal location of the UAV-BS (x 1 D , y 1 D ) is readjusted which corresponds to recentering the coverage region C 1 . Therefore, we resize and recenter the coverage region C 1 with the same set of users enclosed, which is known as a smallest enclosing circle problem. This can be achieved by solving the problem, minimize x D ,y D ,r r subject to
(13) The problem (13) can be efficiently solved by transforming it to a second order cone problem (SOCP). In this letter, we use the CVX parser/solver to solve the problem (13). Let (x * D , y * D ) and R 2 denote the center and the radius of the coverage region C 2 obtained by solving (13), respectively. Obviously, the users located right on the border of the coverage region C 2 , known as cell border users, have the highest path loss compared to the other covered users. Therefore, ensuring cell border users are within the coverage region guarantees that all other users are also covered. Clearly, these cell border users are not at the optimal elevation angle θ opt . Therefore, there is a vertical location h ≤ h 1 that results in a reduction in the path loss experienced by all covered users. The optimal altitude that leads to maximizing the number of covered users and minimizing the transmit power is then h = max(h min , R 2 tan(θ opt )).
Let L(h , R 2 ) denote the path loss experienced by cell border users located at a distance R 2 from the center of the coverage region C 2 when the UAV-BS is placed at the altitude h . The minimum required transmit power is then
The proposed algorithm is given in Algorithm 1.
IV. SIMULATION RESULTS In our simulations, we consider 3 km × 3 km area. We assume that f c = 2 GHz, P t = 30 dBm, P min = −70 dBm, and h min = 100 m. The users are dropped according to the Thomas point process for two users densities λ 1 = 6 users/km 2 and λ 2 = 9 users/km 2 . For comparison, we assume a UAV-BS transmits at full power P t = 30 dBm and is vertically placed at the altitude that maximizes the coverage region and randomly deployed in the horizontal dimension. To measure the heterogeneity of the user distribution, we use the Coefficient of Variation (CoV) of the Voronoi cell area proposed in [12] . The CoV is defined as C V = 1 0.529 · σ V μ V , where σ V and μ V are the standard deviation and the mean of the areas of the Voronoi tessellations, respectively. C V = 1 corresponds to the situation where users are uniformly distributed (Poisson Point Process) while C V > 1 represents the situation where users form clusters located around hotspots [12] . Fig. 2 shows two possible user distributions for C V = 1 and C V = 5, each with two possible coverage regions C 1 and C 2 that maximize the number of covered users. Clearly, for a given distribution and the same UAV-BS altitude, the coverage region C 2 is more power efficient because the UAV-BS covers the same users with less transmit power. Moreover, more power saving is realized as the users heterogeneity increases. Fig. 3 shows the average transmit power versus the CoV. As expected, for low heterogeneity scenario, the power saving is low. This is because the users are spread over the entire area and only a small area near the cell edge may not have users. In such a situation, we have R 2 ≈ R 1 . However, with the increase of user heterogeneity, the average transmit power decreases for the two environments. This is due to the fact that as the user heterogeneity increases, more users become closer to each other, forming clusters that can be covered by a lower transmit power. In such a situation, we have R 2 R 1 . Fig. 4 illustrates the average number of covered users versus the CoV. Clearly, more users are covered in the suburban environment than in the urban environment because the former has a wider coverage region. Moreover, for the proposed algorithm, more users are covered as the CoV increases. This is because at high CoV, users are located closer to each other and hence more users fall within the coverage region. It can also be seen that the proposed algorithm performs better than the randomly deployed UAV-BS over the entire range of the CoV, e.g., at C V = 6, the proposed algorithm results in covering 70 users using P t = 25.5 dBm while the random deployment algorithm covers 22 users using P t = 30 dBm. V. CONCLUSION In this letter, we have studied energy-efficient 3D placement of a UAV-BS that maximizes the number of covered users using the minimum required transmit power. We have decoupled the UAV-BS placement in the vertical dimension from the horizontal dimension which simplifies the placement problem. Simulation results have shown significant savings in transmit power and increase in the number of covered users as the user heterogeneity increases.
